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Abstract 

Let X be a //-symmetric Hunt process on a LCCB space E. For 
an open set G C E, let tq be the exit time of X from G and A G be the 
generator of the process killed when it leaves G. Let r : [0, oo[— > [0, oo[ 
and R(t) = f r(s)ds. 

We give necessary and sufficient conditions for M^R^tq) < oo in 
terms of the behavior near the origin of the spectral measure of — A G . 
When r(t) =t l ,l> 0, by means of this condition we derive the Nash 
inequality for the killed process. 

In the diffusion case this permits to show that the existence of 
moments of order I + 1 for tq implies the Nash inequality of order 
p = |i| for the whole process. The associated rate of convergence of 
the semi-group in L 2 (/t) is bounded by t~( l+1 '. 

Finally, we show for general Hunt processes that the Nash inequal- 
ity giving rise to a convergence rate of order t~( l+1 ^ of the semi-group 
implies the existence of moments of order l + l — e for r G , for all e > 0. 
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1 Introduction 



In the recent literature on convergence rates for continuous time Markov 
processes, the link between functional inequalities and the integrability of 
hitting times has regained a new interest. 

The most studied case is undoubtedly the exponential one. It is known 
since Carmona-Klein [7] (1983), that for a very general Markov process with 
invariant probability fi and Dirichlet form (£,T>(£)) on L 2 (/i), the Poincare 
inequality 

v(f)<C P £(f,f), fev(£), M/) = o, 

implies the exponential //-integrability of hitting times of open sets. The 
converse implication for reversible diffusions can be deduced from the Down- 
Meyn-Tweedie work [9] (1995) on exponential convergence to equilibrium. 
In the particular case of linear diffusions, a simple proof of the equivalence 
between Poincare inequality and exponential integrability of hitting times, 
with explicit estimations, was given in Loukianov, Loukianova and Song [14] 
(2011). In a recent preprint [6] by Cattiaux, Guillin and Zitt (2011), the 
authors show that for symmetric hypo-elliptic diffusions in M", both are 
equivalent to the existence of Lyapounov functions. 

Although the exponential case, at least for diffusion processes, is now 
fairly well understood, the sub-exponential case, and in particular the poly- 
nomial one, is less studied. To the best of our knowledge, the first work in 
this direction was done by Mathieu [16] (1997). For a diffusion driven by a 
polynomially decreasing potential, he gives a bound for the first moment of 
hitting times and relates this bound to some functional inequality. 

More recently, the last chapter of [6] is devoted to the study of the polyno- 
mial case. For uniformly strongly hypo-elliptic symmetric diffusions on M n , 
using Lyapounov functions, the authors show that for open U the finiteness 
of polynomial moments of hitting times v m (x) = K X (T™), m G N, together 
with a local Poincare inequality (see [5]) implies the weak Poincare inequality 

fi(f 2 )<P(s)£(fJ) + sOsc(f) 2 , s>0, fEV(£), n{f) = 0, (1.1) 

with the rate-generating function /3 of the form 

«.)=c( ta f{ U: ^(j^- <„)>.})"'. (1.2) 
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It is well known since the work of Liggett [12] (1991), Rockner and Wang 
[19] (2001) and Wang [21] (2003) that the weak Poincare inequality (1.1) 
gives rise to the L 2 — convergence of the semigroup with the speed at least 

C(t) := inf{s > 0; -(l/2)/3(s) logs < *}. 

When the weak Poincare inequality is deduced as a consequence of the finite- 
ness of the m-th moment v m (x) = E X (T™), one interesting question is the 
explicit dependence of £(t) on m. Unfortunately, the implicit form of /3(s) in 
(1.2) makes it difficult to obtain this dependence explicitly. 

The aim of the present work is to describe more explicitly an inequality 
which corresponds to the fmiteness of polynomial moments of hitting times. 

It is known that in the case (3(s) = cs l ~ p with p > 1 and some c > 0, the 
weak Poincare inequality (1.1) is equivalent to the following Nash inequality 
of order p: 

M/ 2 ) < cs 1/p (f, /)$ 1/9 (/), fev(8), M/) = o, - + - = i, (1.3) 

p q 

where $(/) = Osc(f) and C > 0. 

Hence in this paper we concentrate on the study of the Nash inequality. 
More precisely, we show that the fmiteness of polynomial (not necessarily 
integer) moments of hitting times is related to the Nash inequality with 
explicit relation between the order of the moment, the order of the inequality 
and the speed of convergence of the semigroup. Let I > 0. Our result can be 
summarized in the following scheme: 

E ll Tj J +1 < oo =>■ Nash inequality of order |±f E^ +1 ~ £ < oo, (1.4) 

for all e > 0. Moreover it is well known since [12] that for symmetric semi- 
groups, the Nash inequality of order is equivalent to 

K(Ptff) < C$(f)r« +1 \ /*(/) = o, / e L 2 (/i). 

The first implication of (1.4) is proved only in the diffusion case, but the 
second one is valuable for a very general Markov process. The method to 
prove the first implication relies on the use of killed processes. More precisely, 
we establish a condition for the existence of general hitting time moments 
in terms of spectral properties of the killed process. This spectral condition 
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generalizes the well known equivalence "exponential moments -<=>- spectral 
gap". 

Let us now give the precise statement of our results. X will be a \i- 
symmetric Hunt process on a LCCB space E where \i is a bounded Radon 
measure (wlog we suppose that \i is a probability measure). For an open 
set G C E, set r G = inf{t > : X t ^ G} the exit time of X from G and put 
P G [k](x) = F x [X t 6 A;( < t g ] for a measurable subset A of E. Denote A G 
the infinitesimal generator of (P t G ) in L 2 (I G • fi(dx)) and let (_E|, £ > 0) be its 
spectral family. 

It is known, see e.g. Friedman [10] (1973) or Loukianova, Loukianov and 
Song [14] (2011), that E M exp(Ar G ) < oo; A < A , is equivalent to the fact that 
—A G has a spectral gap of width at least equal to Ao- It turns out that hitting 
time moments generated by other functions than the exponential ones are 
still related with the spectral properties of —A G in the following sense: Let 
r : [0, oo[— > [0,oo [, R(t) = fl ) r(s)ds and denote by A r : [0, oof— > [0, oo] the 
Laplace transform of r: 

POO 

V£ > 0, A r (f) = / r(t)e-^dt. (1.5) 
Jo 

We show in Theorem 2.2 that E M i?(r G ) < oo if and only if the spectral 
measure of — A G integrates A r : 

V/ : G -> R, H/IU < oo, / A r (£)d(£f /, /) < oo. 

</[0,oo[ 

This condition on the spectral measure will be called in the sequel the r- 
spectral condition. Then we show how we can derive in a very elementary 
way the Nash inequality for the killed process X G with the help of the spectral 
condition specified by r(t) = t l (Proposition 2.5). In this case the correspond- 
ing rate of transience of the killed process, i.e. the rate of convergence of P G 
to zero, is given by t~" +1 \ All this is the content of Section 2, which is 
entirely devoted to the study of the killed process. 

In Section 3 we address the question how the polynomial spectral condi- 
tion for the killed process (equivalently the existence of polynomial moments 
of hitting times) can be used to derive the Nash inequality for the non- 
killed process. In this section, our method applies only in the case when the 
Dirichlet form is local, i.e. in the diffusion case, in the sense that X has a.s. 
continuous trajectories. But we do not need to suppose that the process is 
driven by a stochastic differential equation. 
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In the one- dimensional case, from the existence of polynomial moments 
of order l + l > 1, we derive the Nash inequality specified by p = j±| without 
any further assumptions. 

The multidimensional diffusion case is treated as well. Here we need an 
additional non- degeneracy condition on the diffusion: like in [6], we have to 
suppose that a local Poincare inequality on some small domain holds, see 
Remark 5. At the end of this section we provide the example of a multi- 
dimensional diffusion verifying Hormander's condition for which our result 
holds. 

Finally, in Section 4 we study the implication "Nash inequality ==>■ poly- 
nomial moments" . The Nash inequality gives an explicit a-mixing rate of the 
process, and then the main idea is to use this mixing rate in order to obtain a 
deviation inequality to estimate P m (tq > t). This nice idea is borrowed from 
Cattiaux and Guillin (2008), [4]. As a consequence, Nash inequality of order 
p = j±| implies the existence of the polynomial moments of hitting times of 
order I + 1 — e, for any e > 0. Note also that this last section is valuable for 
general Hunt processes. 

2 Killed process. 

2.1 Modulated moments and spectral condition for the 
killed process. 

Consider a Hunt process X on a LCCB space E in the sense of Fukushima, 
Oshima, Takeda (1994), [11]. Let \i be a Radon measure on E. Suppose 
that fi is bounded (wlog \i is supposed to be a probability measure) and that 
X is a /i-symmetric process. Let (Pt)t>o be the transition semigroup of X. 
Denote by the law of the process X issued from iGE. 
For an open set G C E, set 

r G = inf{t > : X t £ G} 

the exit time of X from G. All the long of this section we suppose r G < oo 
almost surely. Introduce 

P t G [A}(x)=F x [X t eA- 1 t<r G ] 
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for a measurable subset A of E, and set 



X t , 0<t<T G 

A t > r G . 



Then, according to [11], X G is a Hunt process on the state space G U A, 
symmetric with respect to the measure I G • fi(dx), with transition semi-group 
(P G )t>o- If A G denotes the infinitesimal generator of (P G ) in L 2 (I G -/i(<ix)), A G 
is a self-adjoint negative operator. Let us denote by (•, •) the scalar product 
in L 2 (I G • fi(dx)) and by (£f,£ > 0) the spectral family of -A G . 

Recall now the basic properties of the spectral decomposition. (E G , £ > 0) 
is a right-continuous and increasing family of projection operators such that 
for any bounded and continuous function / defined on [0, oof, /(— A G ) is given 
by 

f(—A G )u = [ f(£)dElu, u E L 2 (I G • /j,(dx)). 

J[0,oo[ 

In particular, 

Idu= dE^u, —A G u = £ dElu 

J[0,oo[ 7[0,oo[ 

and 

P G u = exp(tA G )u = / e'^dElu. 

J[0,oo[ 

Recall that for all u, v £ L 2 (I G • fi(dx)), 

(f(-A G )u, g{-A G )v) = [ f{t)g(£) d(Elu, v). 

J[0,oo[ 

Actually, the bounded variation function £ — > (E G u, u) is only increasing on 
the spectrum of — A G and its discontinuity points are eigenvalues of —A G . 
Denote by £ G the Dirichlet form associated with — A G on L 2 (I G • fi(dx)). We 
have 

£ G (u, v) — £d(E G u, v). 

</[0,oo[ 



Let H G be the image space of E G . 



Proposition 2.1. Under the condition r G < oo almost surely, we have H G 
{0}. 
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Proof. Hq is invariant under P t G for all t > 0. Indeed, using E^Eq = Eq 
VA > we see that Vw G Hg, Vt > 

PfU — [ e-® dElu = e°E%u = u. 

J[0,oo[ 

For all v > 0, bounded, lim^oo P t G t> = lim^oo E[t>(X t )l t<TG ] = and hence 
(u,v) = (Pfu,v) = (u,P^v) — > 0, t — >■ oo. Positive bounded functions being 
dense in L 2 , we conclude that u — 0. □ 

Since £q = 0, one has / [0)OO [/(£) d££u = J] 0lO o[ /(O ^Pfn, so tlie integral 
makes sense even if / is not defined at 0. 

It is known, see [10] and [14], that the existence of exponential moments 
of r G is equivalent to the fact that —A G has a spectral gap or, equivalently, 
J-, QX ,dE G = for some Ao > 0. It turns out that moments generated by 
other functions than the exponential ones, are still related with the spectral 
properties of — A G . In this section we give necessary and sufficient conditions 
for the existence of arbitrary moments of r G in terms of the behavior near 
the origin of the spectral measure dE G . 

Let r : [0,+oo[— > [0,+oo[ be some measurable non-decreasing function, 
and denote A r : [0, oo[— > [0, oo] its Laplace transform: 

POO 

V£ > 0, A r (f) = / r(t)e~^dt. (2.1) 
Jo 

Instead of hitting time moments, we consider more generally modulated mo- 
ments defined by J^ a r(t)f(X t )dt. Denote by B b the space of Borel-measurable 
and bounded real functions. Let R(t) = f*r(s)ds and := W-W^Q^-^dx))- 

Theorem 2.2. The following four conditions are equivalent: 

1. E M i?(r G ) < oo; 

2. For all f G B b , x -> f(x) x E x £ r(t)f(X t )dt G L 1 ^ ■ n{dx))] 

3. For all f G B b , / [0>oo[ A, (£)<*(£?/, f) < oo; 
I For all f G B b , / °° r(t) ||P t %/|| 2 dt < oo. 
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Moreover, for any f G B b , 



||/ xE/ r(t)f(X t )dt\\ 1 = A r (Od(ElfJ)= r(t)\\P» /2 f\\* dt. 

JO J[0,oo[ JO 

(2.2) 

Remark 1. In the sequel the condition 3. of Theorem 2.2 will be called the 

r- spectral condition for the killed process. 

Proof. The equivalence 1 -<=>- 2 is obvious. The following calculus yields 
2. -<=>- 3. -<=>- 4. and the equality (2.2) for positive bounded functions. 

/tq \ / /-oo \ roo 

r(t)f(X t )dt) = lf t J r(t)P?f(.) * J = J r(t){f,P t G f) dt 

poo poo / r \ 

= r(t)\\Pyt dt = r(t)(f, e-Vd&lf) dt = 

Jo Jo V J[0,oo[ J 

coo 



poo p p poo 

/ r(t) e-^d(Elfj) dt= / r(t)e-^dtd(Elfj) = 

Jo J\0,oo\ J\0,oo\Jo 

A r (CW/ (/•-?/•/)• 



'[0,oo[ 

If E /J i?(r G ) < oo and / is bounded, to show the equalities of (2.2) we use 

poo poo 

E x / r(t)\f(X t )\l (t<To) dt < H/IU / r(t)¥ x (r G > t)dt = ||/ HoJE^tg), 
Jo Jo 

the last expectation being finite for /i-almost all x G G. □ 

Example 2.3. Consider the case r{t) = t l , I > 0. We have for £ > 
A r (£) = r(/ + l)r ( ' +1) - Hence 

x -+ E x t*. +1 G L(I G • fji{dx)) [ r il+1) d(Elf,f) <oo, (2.3) 

./[0,oo[ 

for all / non-negative and bounded. In the next section we will explain how 
to use the spectral condition to obtain functional inequalities for X G and 
then for X. 

Example 2.4. Consider the case r(t) = e x \ A > 0. We have 

A r (£) = -, if £ > A, A r (£) = +oo otherwise. 

4 — A 
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Put 

A = sup{A > 0, x -> E x e Xra G L\l G ■ fi(dx))}. 
We obtain that Ao is the infinum of the spectrum of — A G . 

2.2 Polynomial spectral condition and Nash inequal- 
ity for killed process. 

In [12] Liggett introduced the following Nash inequality for a Dirichlet form 
£(f, f) associated to a linear operator generating a strongly continuous Marko- 
vian semigroup with invariant probability measure /i. 

A*((/ ~ M/)) 2 ) < CS^if, f)^(f), / G D(£). (2.4) 

Here 1 < p, q < oo with 1/p + l/q = 1, C is a positive constant, and 
$ : L 2 (/i) -> [0, oo] satisfies $(cf) = c 2 $(/), for any c e R and / G L 2 (/i). It 
is shown in [12] that if in addition $(P t f) < $(/) V/ G L 2 (/i), Vt > 0, then 
the inequality (2.4) is equivalent to 

30 0, \\P t (f) - Kf)\\l < (2.5) 

for all / G L 2 (a*) and t > 0. If the semi-group of X is conservative, symmetric 
and ergodic, fi(f) = E f. Hence we will consider the following form of the 
Nash inequality: 

||/-^o(/)|| 2 <C^(/,/)$ 1 / < '(/), feD(S). (2.6) 

Let us point out again that for the killed process the semi-group is not con- 
servative, transient, and Eq = 0. The following proposition shows that the 
condition E^r^ 1 < oo implies the Nash inequality in the form (2.6) for the 
killed process. 

Proposition 2.5. Let I > 0. Suppose that E^r^ 1 < oo. Then the Nash 
inequality (2.6) holds for the killed process with p = j^ 2 - and q = I + 2 and 

*(/) < WfWl^rt 1 . 

Proof. In virtue of Theorem 2.2, the condition E m Tq +1 < oo is equivalent to 

/ -^d(JE?/, /) < oo, 
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for all bounded /. Let / G D(£ G ). Suppose that p 1 + q 1 = 1 and write, 
using Holder's inequality: 



||/ - £ /|| 2 = ll/ll 2 = / d(Elf, f) = [ e /p C 1/p d(Elf, f) < 

J[0,oo[ J[0,oo[ 

f £d(Elf, f)) ^ x ( [ C q/p d(Elf, f)) h = El'^m^Vl 
J\oM J V[o,oo[ J 



where 



Hf)= [ C q/p d(Elf,f). 

J\0.oo\ 



[0,oo[ 

Now we choose p and q in such a way that 



*(f)= I C {l+1) d(Elf,f). 

J\0,oo\ 



r [0,oo 

This choice is given by p = and q = I + 2. Finally we obtain for all 
/ G D(S a ) 

ll/-^o/|| 2 <^(/) (m)/(/+2) x$ 1 /(' +2 )(/), 

where $ satisfies $(c/) = c 2 $(/) for any c G M and $(/) < cxd for all 
bounded /. Also 

HPtf) = [ r il+1) e- 2 ^d(Elf, f) < «&(/). 

^[0,oo[ 

□ 



3 Polynomial moments and Nash inequality 
for non-killed process. 

In this section we show how polynomial modulated moments are related to 
Nash inequality for the non-killed process. The result can be resumed as 
follows. For all I > 0, for all e > we have: "integrability of moments of 
order / + 1 Nash inequality giving rise to L 2 convergence of the semigroup 
with speed t~( l+1 >=$> existence of moments of order I + 1 — e". 

For the second implication we work under the general conditions of Sec- 
tion 2. For the first implication "moments imply Nash" we work in the 
diffusion case only. In dimension 1, no hypothesis on the diffusion is im- 
posed. In higher dimension, however, we need a non-degeneracy condition 
which is a local Poincare inequality (see the comments in Remark 5). 
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3.1 Polynomial moments =4> Nash inequality. One- 
dimensional diffusion case. 

In this subsection we show that the Nash inequality for a killed diffusion 
process on R implies the Nash inequality for the non-killed process. Fix 
some a e E and let G~ =] — oo,a[, G + =]a, oo[. We use some well-known 
techniques which are specific to the one-dimensional case. 

Since X is a diffusion, it possesses a scale function S and a corresponding 
speed measure m. Denote by dS the measure induced by S(x). Let F(x) be 
a real function on K. We shall write c?F -C rfiS 1 , if there exists a function /(x) 
in ~Ll oc (dS) such that 



The function f(x) will be denoted 4f (a?)- Introduce then the function spaces 



We do not assume that dS and m are absolutely continuous with respect to 
the Lebesgue measure. We cite the following theorem from [14]. 

Theorem 3.1 ([14]). The diffusion X is m- symmetric. The Dirichlet space 
associated with X is the function space F given by (3.1), and the Dirichlet 
form has the expression 



The restriction of the Dirichlet form S on J-j a>00 [ is the Dirichlet form 

£]a,oo[ associated with the semigroup (P} a '°°^)t>o of the process X killed when 
it exits ]a, oo[. The killed process X^ a '°°^ is symmetric with respect to the 
measure Ii 0) oo[ • m(dx). 

The same is true (with obvious modifications) for £]_oo,a[- 

The proof of this theorem is given in [14] . 
We can now state the Nash inequality for the non-killed process X. For o6K 
introduce the hitting time T a = inf{i > 0, X t = a}. 





(3.1) 



•7> )0 o[ = {F e T : F(x) = 0, x < a}, 
J=[-oo,a[ = {FeF: F(x) = 0, x > a}. 
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Theorem 3.2. Let I > 0. Suppose that for some a G M 

/+oo 
E x (T a ) m m(cfe) < oo. (3.2) 
•00 

T/ien for //(.) = ^jfy^O); -Mzs/i inequality 

H((F - fi(F)) 2 ) < £^(F, F)^(F), F G D{£) 

holds with p = q = I + 2. TTie function $ : L 2 (/i) — >■ [0, +oo] satisfies 
$(cF) = c 2 $(F) /or all c G 1 and $(P t F) = /or a// i > 0. 4feo /or all 

F g L 2 (/i), 

$(F)<^-M^)IIL- (3-3) 

Remark 2. Note that by the "all-or-none" property obtained in [13], Theorem 
4.5, (3.2) holds for some a if and only if it holds simultaneously for all a G M.. 
In this case E x T a < oo Vi G 1, Va G 1, and hence m(R) < oo. 

Remark 3. Note also that 

< C(sup F - inf F) 2 = C Osc{F) 2 . (3.4) 

if. R 

Proof. Fix a point a G K. Then the variational formula for the variance gives 
for all F G J 7 , 

30 r+oo 

{F{x) - /i(F)) 2 dm(x) < / (F(x) - F(a)) 2 dm{x) = 

) J — OO 

/a /*+oo 
(F(x) -F(a)) 2 dm(x) + / (F(x) - F(a)) 2 dm(x). 

Write 

= (F(x) - F(a))l {x<a} , = (F(z) - F(a))l {x>a} . 

Then F_ G F]-oo, a [ and F + G •7-j 0) oo[- Hence we can apply Proposition 2.5 for 
both G~ =] — oo, a[, G + =}a, co[. Denote 

£]—oo,a[ = £~ an d £]a,+oo{ = 

Denote 



$_(«)=/ r (z+ M4 and $ +H=/ r (m) ^| 

J[0,oo[ J[0,oo[ 



[0,c 
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then with p = |±| and q = I + 2 



+00 



(F(x) - F(a)ydm(x) + / (F(x) - F(a)y dm{x) < 

J a 

< S 1 _ /p (F^<S> 1 / q (F„)+S 1 + /p (F + )$ 1 l q (F + ) < 



up 



(t)dS(t) I < 



< + *i /ff (*+)) ( y m (^j (*)^(*)J = ^w^cn 

where 

$ a (F) = ($ V9 (F_) + $f 
The above result holds for any aGl. Hence we can put 

= sup inf $ a (P t F). (3.5) 

t>0 a 6 R 

Then 

$(oF) = c 2 $(F) and $(P t F) = 

are trivially satisfied. It remains to show that under the conditions of the 
theorem, $ satisfies (3.3). 
In virtue of Theorem 2.2, 

$_(F_) = ! (F(x) - F(a)) xE x [ " s l x (F(X S ) - F(a))ds m(dx) < 

J -00 Jo 

< A\\F - f,(F)\\l ^ E,X +1 m(dx). (3.6) 

In the same way, 

r+00 

$ + (F + ) < 4\\F - niDWl / EX +1 ™(dx) 
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and thus 

$a(F) < 4\\F - ^F)^ 



r+oo \ 1 

¥. x T l a +1 m{dx)) 1,q + ( / EX +1 m(dx)y/ c ' 

i J a 

We deduce, using HPtF^ < ||-F||oo and /i(Pt-F) = [i(F) that 
inf$ a (P t F) < 4\\P t F - fiiPtF)^ 

a 

(ra r+oo \ 1 

< 411^-/1(^)1100 

(pa r+oo 
( y E x T l a +1 ™(dx)) 1/q + ( y E x T^ +1 m(rfx)) 1/9 

and this implies (3.3). 

□ 

Remark 4. Under the assumptions of Theorem 3.2, Liggett [12], Theorem 
2.2, shows that 

\\P t F-fi(F)\\l<C^-, FeF. 

Hence under the assumption of integrability of I + 1— moments of hitting 
times we obtain a polynomial decay of the transition semigroup Pt of X at 
the same rate t~( l+1 \ 



3.2 Polynomial moments ==> Nash inequality. General 
diffusion case. 

In this section we come back to the general conditions of Section 2 and 
consider the \x— symmetric Hunt process X on the LCCB space E such that 
fi(E) = 1, with semigroup (Pt)t>o an d associate Dirichlet form (£,T>(£)) on 
L 2 Gu). 

Assumption 3.3. Assume that the Dirichlet space (£,T>(£)) of X contains 
regularized indicator functions: For any compact set K and relatively com- 
pact open set G with K C G, 3 u G T>{£ ) such that 0<u<l,u = l on K, 
u = on G c . 
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This is the case when the Dirichlet form is regular, see Fukushima et al. 



Assumption 3.4. Assume that the Dirichlet form (S,T>(£)) admits a carre 
du champ T. 

Following Bouleau and Hirsch (1991), [1], Proposition 4.1.3., this means 
that there exists a unique positive symmetric and continuous bilinear form 
from T>{£) x T>(£) into denoted by T and called the carre du champ 

operator, such that V/, g,h G D{£ ) fl L°°, 



Assumption 3.5. Assume that the Dirichlet form (£,T>(£)) is local. 
In this case, by [1], Proposition 6.1.1., 



Note that the locality of the form is equivalent to assume that the process 
A" is a diffusion process, in the sense that X has a.s. continuous trajectories, 
see Theorem 4.5.1 of [11]. 

Assumption 3.6. Assume that £ is recurrent, i.e. 1 G T>(£) and £(1, 1) = 



Recall the definition of the spaces D p , p > 2, similar to the definition of 
Sobolev spaces, ([1], definition 6.2.1): 



(1994), [11], p.6. 




(3.7) 




0. 



3 P = {f e v(£) n L p ; r 



(/,/) 



x / 2 G L p }. 
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For any set G and any r > we set G r = {x : dist(x,G) < r}. Under 
assumptions 3.3, 3.4, 3.6 the following theorem holds: 

Theorem 3.8. Let I > 0. Suppose there exists an open relatively compact 
subset G C E and r > such that the following conditions are satisfied. 

1. For Ae {G r ;G c } 

E^ +1 G h\fiI A ). 

2. /i satisfies a local Poincare inequality in restriction to G r \ G, that is 

I _f 2 d^<c P (G, r ) I _r(f,f)dn 

for all f G T>(8 ) having J G . g fdfi = 0. 

3. Suppose that the regularized indicator u of the set G given by < u < 1, 
M = 1 on G, m = on G£, verifies 

C{u,r) := Hr^^Hoo < oo. (3.8) 
TTien i/ie following Nash inequality holds: For any f G T>{£ ) with fi(f) = 0, 

Kn<£ l/p (f,m l/q (f), 

where q = 1 + 2, 1/p+l/q = 1. i/ere, the function $ : L 2 (/i) — > [0, oo] satisfies 
Va G R, $(a/) = a 2 $(/) and $(P t f) < $(/) /or all t > 0J e L 2 (/j,). 
Moreover 

$(/) < 2[1 + C(u, r)C P (G, r)] Osc(f) 2 [ [ E x r^^dx) + / E^^dx)}. 

Proof. Let / G £>(£)) with //(/) = 0. 

By the variational definition of the variance, we have that 

f 2 (x)/j(dx) < J ( f(x) - c) 2 fx(dx), 

where c is given by c = j^rrg) J G \ g /^A 4 - The use of this constant will become 
clear in formula (3.12) later. 

Denote f = f — c. Let u be the regularized indicator of G. Write / = 
fu + f{\ — it). Using proposition 3.7, since u G ©oo and / 6 D 2 = T> (£), we 
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have fu G T>(£). Hence both fu and f(l — u) belong to T>(£). Now we can 
write 



(f(x)) 2 fx(dx) = / (fu + /(l - u)) 2 (x)fx(dx) 



< 2 



(fu) 2 (x)fx(dx) + / (/(l - u)) 2 (a;)//(da;) 



(fu) 2 (x)fi(dx) + / (/(l-u)) 2 (z)//(dz) 



We want to apply Proposition 2.5 both to G r and to G c . For that sake, note 
that fu G T>(£) and its quasicontinuous modification is zero on G£. Hence by 
(4.3.1) of [11], fu G V(S Gr ). In the same way f(l - u) G £>(£ g J. Denote 

= / C il+1) d{Effu,fu), 

J[Q,oo[ 

and 

$ gc (/) = f C {l+1) d(Ef /(l - it) , /(l - «)). 

J[0,oo[ 

We have 

{fu) 2 {x)^{dx) < [s Gr (fuJu)] 1 ^ Gr (f)} 1/q <£ 1/p (h,h)[$ Gr (f)] 1/q , 



where the first inequality follows from Proposition 2.5, and the second since 
£ Gr is just the restriction of the Dirichlet form £ to JFq t . 
Analogously, 



(/(l - u)) 2 {x)^dx) < £Vp(/(i - u), /(l - 



We have to control £(fu, fu) and — w), /(l — w)). We have (Propo- 

sition 6.2.3 of [1] and Cauchy-Schwartz) 



r(fu, fu) < 2(r(/, /) + f 2 r(u, u)). 



(3.9) 



We need to show that T(f, f) = T(f, f) ( equivalently T(f, c) = 0, T(c, c) 
0). Note that by [1], prop. 5.1.3., the locality of the form is equivalent to 



Vf,geV(£), VaGM, (/ + a)g = =S- £(/, g) = 0. 
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Using the characterization of T in (3.7) and the locality of the Dirichlet 
form we see that for any h G V(£)nh°°, f E hT(f, c)dfi = and f E hT(c, c)dfi = 
0. Also, any positive h G L 1 n L°° is the almost everywhere limit of a 
uniformly bounded sequence of positive elements of T>(£) D L°°. Indeed, 
limA^oo XR\h = h a.s. at least for one subsequence of A. For each A > 
\R\h belongs to T>(£), and if \\h\\oo < C then ||Ai?A^||oo < C, see [1], propo- 
sition 4.1.3 and 3.2.1. Hence, by dominated convergence, J E hT(f,c)dfi = 
and J E hT(c,c)dfi = for any positive h G L 1 fl L°°. But this implies that 
c) = and T(c, c) = almost surely. 

Still using locality we show that T(u,u) = on G and G£. Firstly, using 
the definition of T, for any / G T>(£) D L°°, such that Supp(f) G G£, 

/ / F{u, u)dfi = 2 £(fu, u) - £{u\ f), (3.10) 
Je 

and since fu 2 = 0, we conclude that J E fT(u,u)dfi = for such a / and 
hence forall / G T>(£ G c) fl L°°. To conclude that T(u,u) = on G£ we need 
the same property with / G L 1 (GJ;) fl L°°. For this sake we use that for any 
/ G L 1 (G^) H L°°, it holds 

/ = hm XRff. 

A— >oo 

along a sub-sequence of A, almost surely. 

Note that R{ f has its support in G£, R{ f G V(£ G c). We approximate / 
with XR x r f and we obtain T(u,u) = on G£. A similar argument shows that 
T(u, u) = on G. 

Therefore, 

£{hJu)< f r(fJ)lM(dx)+ [ f 2 (x)T(u, U )(x)fi(dx) 

Je J G r \G 

< / T(fJ)fi(dx) + C(u,r) [ f 2 (xMdx), 
Je J G r \G 

which implies that 

fu) < 2S(f, f) + C(u, r) [ f 2 (x)fj,(dx). 

J G r \G 

The role of u and 1 — u being symmetric, we get in the same way 

£(f(l-u)J~(l-u))<2£(f,f) + C(u,r) [ f 2 (x)^dx), 

Jg,-\g 
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with the same constant C(u,r). Putting things together, we conclude that 



i/p 

f\x)^dx) < ( 2S(f, f) + C(u, r) I f 2 (x)fi(dx) ) (3.11) 



JE \ J G r \G 

where 



9(f) = ([^(/)] 1/9 + [$ 8 °(/)] 1 



We have to treat the term 

/ f 2 (x)v(dx). 

J G r \G 

It is here that we need the fact that j G ^ G f(x)fi(dx) = 0, by definition of 
the constant c. Now we can apply the local Poincare inequality in order to 
deduce that 

j J 2 (x)fi(dx)<C P (G,r) j _r(/,/)d/x. (3.12) 
Coming back to (3.11) we conclude that 

f 2 (x)»{dx) < ([2 + 2C(u,r)C P (G,r)]S(f,f)) 1/ ^^(f). 
In virtue of Theorem 2.2, 

$ Gr (/) = / f(x)u(x) x E x [ ^ s l x (fu)(X s )dsfi(dx). 

JG r JO 

Recall that r is fixed, we do not let tend r to zero. In the same way, 
& C (/) = 



(f(x) - c)(l - u(z)) xEJ s'x [(/ - c )(l - M )](X s )d S/ i(dx). 

(3.13) 

This implies that for bounded /, since < «(.) < 1, and by definition of the 
constant c, 

$ Gr ( /) <\\f-c\\lj l Gr (x)E x r^f,(dx) < Osc(f) 2 J UM^r^^dx) 
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and 




since ||/ — c||oo < Osc(f). This concludes our proof, putting 



&/«(f) = [2 + 2C(u,r)C P (G,r)]^(f). 



□ 



We give a comment on condition 3. of the theorem 3.8 which shows that 
basically a non- degeneracy condition on the diffusion like Hormander's con- 
dition implies the local Poincare inequality. 

Remark 5. 1. It is sufficient to replace the local Poincare inequality of 
condition 3. above by: There exists Q C E a smooth bounded open 
connected domain such that G r \ G C Q and 



2. Wang (2009), [22], shows that the above local Poincare inequality holds 
in the following case. Take E = R d and let 



where A is Lebesgue's measure on M d and V smooth and integrable. 
Let Xi,i = 1, ... ,n, be a family of smooth vector fields satisfying the 
Hormander condition. Consider 




(3.14) 



for all / G C having J G ^ 5 fdfi = 0. 



d\i = e d\ 



n 



A = J2(X? + (div^X i )X i ). 



i=l 



Then (3.14) holds. 
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3.3 Example 



We give more details concerning the example of Remark 5.2. above and show 
that in this case all conditions needed for Theorem 3.8 are satisfied. 

Let E = M. d . A smooth function is a function belonging to C°°(M. d ), the 
space of all infinitely often differentiable functions from M. d to JR.. A smooth 
vector field X on ~R d is a linear differential operator Ylt=i X k dk, where <9& = 
and where all X k are smooth functions. We will also identify the vector 
field X with the vector of smooth functions 



X 



/X 1 \ 



\ Xd J 



In order to define our process, take a family of smooth vector fields 
{Xx, . . . , X n } satisfying the Hormander condition. We recall that this means 
that for any x G M. d there exists k > 2 such that the Hormander brackets up 
to order k 



{[X^, [X i2 , [..., Xi. 



■ 2 < j < k, 1 < z'i 



• j "j 



< n} 



span M. d . Here, for two smooth vector fields X and Y, the Hormander bracket 
is defined as [X, Y\ = XY — YX, the smooth vector field given by the vector 
of smooth functions 

/ Y. k {x k d k Y l - Y k d k x l ) \ 

\ E k ( xk dkY d - Y k d k X d ) ) 

Let C^°(]R d ) be the space of all smooth functions having compact support. 
For any pair of functions f,g G C^°(M. d ), define 

n n d d 

T(f,g) = = E(E X ^/)E^)" 

i=l i=l k=l k=l 

Let V be a smooth function such that e v G L 1 (A ci ), where \ d denotes the 
d— dimensional Lebesgue measure and f e v d\ d = 1. Put fi = e v X d , then fi is 
a probability measure. \x will be our reference measure. 
Now, define an operator L on L 2 (/i) with domain T>(L) = C^°(M. d ) by 

n 

L = J2( X ? + (div ll X i )X i ), 
i=i 
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where div^X* = £^ =1 Xfd k V + J|. 

Then L defined on T>(L) is symmetric in L 2 (/i), and for all f,g G T>{L\ 

-J gLfd[i = J T(f,g)dfi = £(f,g). 

By example 1.3.4 of Bouleau and Hirsch (1991), [1], S is closable. Let us 
denote (S, T>) the closure of (S, T>(L)) and let A be the generator of S . Then 
—A is a positive self-adjoint extension of —L, called the Friedrichs extension 
of L. It is standard to show that (S, T>) is a Dirichlet form. 

Assumption 3.3 is clearly satisfied, since it is already satisfied for (£, T>(L)). 
Condition (3.8) is also satisfied. 

Moreover, (£,T>) is local. This can be seen as follows. By remark 5.1.5 
of [1], it is sufficient to show that for all / e C c °°(R d ) and for F,G e C C °°(M) 
such that supp(F) n supp(G) = 0, we have that 

S(F (f),G (f)) = 0, 

where F = F — F(0). This follows immediately from 

r(W), G„(/)) = £ ° / " no))£>^ fe (G o / - g(o)) ) 

i \ A; fc / 

i k I 

since F' • G' = due to the disjoint supports of F and G. 

Finally, we also have that 1 e V and that 5(1, 1) = which follows by 
standard arguments. 

To conclude, all assumptions of Theorem 3.8 are satisfied except the first 
one on integrability of hitting times (for the local Poincare inequality, recall 
remark 5.2). 

Condition 1. of Theorem 3.8 is classically implied by a Lyapounov type 
condition which is related to the rate of divergence of the function W(x) — > 
— oo as | a; | —> oo. In order to give an explicit example take d = n and 

= ^<5f . In this case 

Lf = 1a/ + \wvvf. 
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When identifying with the classical form 

L f = 2 a hkdjd k f + ^2 bkdk f 

j,k k 

we find b = hW. Suppose that for some r > | + 1 + 1, and M > 0, 

V(a;) = — 2rln|x|, \x\ > M. 

Then it is easy to check that Veretennikov's condition (see Veretennikov 
(1997), [20]) 

< b(x),x/\x\ >< —r/\x\, \x\ > M, 

is fulfilled. Under this condition for A > M, r = inf{t > 0; \X t \ < A}, any 
x (ER d and some e > E x t 1+1 < C(l + |x| 2 ' +2+e ), [20] (Theorem 3) and 
K^t 1+1 < oo. 

On the other side, Theorem 3 of Balaji and Ramasubramanian (2000), [2], 
with A(x) = l,B(x) = d,C(x) = — 2r shows that for allp>r — d/2 + 1 and 
|x| > A, E x t p = oo. 

4 Polynomial moments under Nash inequal- 
ity. 

In Section 3, we have shown that for diffusions, the existence of moments 
implies Nash inequality. 

We now address the inverse question: Does Nash inequality imply the 
existence of moments? The answer is yes, at least if the functional $ satisfies 
(3.3). 

All statements of this section hold true under the general conditions of 
Section 2, for a conservative Hunt process which is \x— symmetric, with \x a 
probability measure. Let / > 0. 

Theorem 4.1. Suppose that Nash inequality holds with p = j±| and with $ 
such that (3.3) holds. Then for all e > and for any open set G such that 
/i(G c ) > 0, 

x ->■ E x t 1 g +1 ~ £ e L 1 ^ • n(dx)). 
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The idea of the proof is not new and follows ideas exposed in section 3 of 

[4]- 

In the following, C denotes a constant that might change from occurrence 
to occurrence. For integrable / we write f = f — M/)- By [12], we know 
that under the conditions of Theorem 4.1, 

Var^PJ) < Cr« +1 ^(f) < Ct-W Osc(f) 2 . 

It can be easily seen that this implies that the stationary process X t under 
P M is strongly mixing, and by symmetry, its mixing coefficient is bounded by 

-(i+i) 



a(t)<c(-\ =Ct^ l+1 \ 



The first step of the proof of Theorem 4.1 is the following deviation in- 
equality. 

Proposition 4.2. Fix t > 1 and let V be such that || V||oo = 1. Then 

P m f I V{X s )ds - fi(V) >AX^j<C [A^ +2 > V A^ +1 )] r« +1 \ 

Proof. We mimic the proof of Proposition 4.5 of [4], trying to loose less by 
time discretization. First of all, we make use of moment bounds for sums of 
strongly mixing sequences obtained by Rio in [18] . Let n = [t] be the integer 
part of t. Then 



/ V{X s )ds = Y^Y k 
Jo k=i 



where 

rkt/n 

Y k = / V{X s )ds. 

J(k-l)t/n 

Then (Yj) is a P M — stationary sequence of strongly mixing centered random 
variables, bounded by \Yj\ < 2^, with mixing coefficient 

a(0) = -, a(k) = a((k- 1)-] < C(k-l)^ l+1) ( -] ) < C(k-l)^ l+1 \ 



n / \n 



(4.1) 
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since t/n > 1. We write Yj = Yj/(2t/n) and apply the inequality (6.19b) of 
[18] to S n = 5^r = i Yki with a = I + 1. So we obtain for any r > 1, 



~ fv{X a )ds-ii{V) 
t Jo 

n 



k=l 



> 4A 



>4At =P M (|5' n | >4(An/2)) 



< 4 1 



Here, 



AV\~ r/a 

4rsJ 



4 = EEi^^)i- 

i=i j=i 



2+2 



We have to control this sum of covariances Using Corollaire 1.1. of [18] 
we have 



n „i 

k =i Jo 



u) A n]Q^(w)du, 



where 



a m = m 



f{A G N; a(k) <u} = J2 l««>u. a_1 



i>0 



n-1 

'■u) An = ^ la(j)> u , 

i=0 



and Qk(u) is the inverse function of H Y (t) =F(\Y k \ > t). Since |Yfc| < 1 for 
all k < n, Qk(u) < 1 and thus (see [18], page 15), 

„1 oo 

s£ < 4ra / [a _1 (w) A n]dw < 4nVa(j). 
Since I > 0, this last series converges (compare to (4.1)), and we obtain 



4<Cn 
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for some constant C > 0. So finally, 



F J\\J o V(X s )ds-^(V)\>A\\ < 



<4f^y r/2 + 2cr- 1 (^ +2 ^ +1 ). 



Finally we choose r = 2(1 + 1) and use that 

t\ l+1 



for £ > 1, since n = [i] and t > 1 which implies t/n < 2. Thus we get the 
result. □ 

Proof of Theorem 4-1 We apply the above deviation inequality with V — Iqc 
Then 

K > t} C ji jf V(X s )cfe = o} C |i| jf F(X s )d S | > //(G c )| . 



Hence 



Jl G (x)fi(dx)F x (r G >t)<F fl (j\ jf V-(JQda| > MG C )) < Cr( I+1 \ 

whence for every £ > "small" 

E^ +1 ~ £ G L x (]I<j-/x(dx)). 
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